The smallness of the quark sector parameters and the hierarchy between them could be the result of a horizontal symmetry broken by a small parameter. Such an explicitly broken symmetry can arise from an exact symmetry which is spontaneously broken. Constraints on the scales of new physics arise from new flavor changing interactions and from Landau poles, but do not exclude the possibility of observable signatures at the TeV scale. Such a horizontal symmetry could also lead to many interesting results: (i) quark -squark alignment that would suppress, without squark degeneracy, flavor changing neutral currents induced by supersymmetric particles, (ii) exact relations between mass ratios and mixing angles, (iii) a solution of the µ-problem and (iv) a natural mechanism for obtaining hierarchy among various symmetry breaking scales.
Introduction
Quark mass ratios and mixing angles have two intriguing features: The smallness of most of these parameters and the hierarchy among them. The hierarchy in the quark mixing angles is clearly presented in the Wolfenstein's parameterization [1] of the CKM matrix:
The hierarchy is reflected in the dependence of the various entries on different powers of λ ∼ 0.2: all other quantities are experimentally determined to be of order one, i.e. A is of order 1 while ρ and η are between λ and 1. The order of magnitude of the three mixing angles is therefore given in powers of λ:
2)
The hierarchy among the quark masses can also be expressed in powers of λ. (1.
3)
The exact power of λ for each of the mass ratios may vary a little, depending the top mass, and on the exact value one chooses for λ in the range 0.20 − 0.22. Furthermore, all the parameters run under the renormalization group and therefore, the order of magnitude estimates (1.2) and (1.3) depend on the scale. Assuming that only the top quark Yukawa coupling is large and using the one loop renormalization group with the particle content of the minimal supersymmetric standard model, we find that the only changes in our order of magnitude estimates at a high (∼ 10 15 GeV ) scale are:
We would like to make two comments about the estimates in (1.3): (i) It is possible that m u as deduced from first order chiral Lagrangian predictions reflects non-perturbative strong interaction effects rather than the value of the high energy parameter [2] . In particular, it could be that the bare m u vanishes, thus providing a solution (which is natural in our framework [3] ) to the strong CP problem. The phenomenological viability of this scenario is controversial.
(ii) The small ratio m b m t may be a result of a large ratio of VEVs, tan β =
or it may be the result of a small ratio of Yukawa couplings when tan β ∼ 1.
For the large part of our study, these two points are not crucial, and we use m u /m c ∼ λ 3 and tan β ∼ 1.
As articulated by 'tHooft [4] , small numbers are natural only if an exact symmetry is acquired when they are set to zero ("naturalness"). Therefore, both the smallness of the quark sector parameters and the hierarchy among them may be related to a symmetry -a horizontal symmetry H that acts on the quarks (for recent discussions, see e.g. [5] ). Such a horizontal symmetry may be responsible for the hierarchy, if it is explicitly broken by an operator in the Lagrangian whose coefficient is the small parameter λ. The transformation laws of λ under H control the order in perturbation theory of the various elements in the quark mass matrices and, consequently, some parameters depend on powers of λ higher than others, namely a hierarchy can be generated. This phenomenon is common in atomic physics, nuclear physics and particle physics and is known as "selection rules."
The next step is to understand the origin of this explicitly broken H. Several different mechanisms can exist. Here we focus on the possibility that λ is promoted to a quantum field which has an expectation value. This expectation value spontaneously breaks the exact symmetry H. More precisely, we add a scalar field S whose expectation value S breaks H. The small numbers in the Lagrangian appear then as powers of the ratio λ = S M where M is a higher energy scale at which the information about H-breaking is communicated to the light fermions.
The organization of this paper follows this logic. First in sections 2 and 3 we consider an explicitly broken H and examine its consequences. The simplest framework, that of an Abelian group 1 , H ⊂ U (1), and a single small breaking parameter λ, is described in subsection 2.1. There is an essentially unique model in this framework. The next-tosimplest symmetry, H ⊂ U (1) × U (1) with two small breaking parameters (one for each U (1)) opens up interesting possibilities: First, the hierarchy in the quark parameters can be achieved with lower powers of the small parameters. This is demonstrated in an example in subsection 2.2, that is the basis for an interesting high-energy model to be presented later.
Second, we can acquire highly suppressed entries in the quark mass matrices. This may lead to suppression of FCNC induced by squark-gluino diagrams. We explain this mechanism ('Quark -Squark Alignment') [7] in subsection 2.3. Phenomenological constraints are discussed in subsection 2.4.
The possibility of acquiring zero or highly suppressed entries in the quark mass matrices allows relations that go beyond the naive order of magnitude estimates. The possibility that |V ub | ≪ |V us V cb | (rather than of the same order of magnitude) is discussed in subsection 3.1, while close to exact relations between mixing angles and mass ratios are obtained in subsection 3.2.
Sections 4 -6 are concerned with the embedding of the low energy effective theory with explicitly broken horizontal symmetry in a more fundamental theory. As mentioned above, the most natural theory takes H to be an exact symmetry, spontaneously broken by the VEVs of scalar fields. The mechanism, its phenomenological consequences and constraints on the scale of spontaneous symmetry breaking are described in section 4. A very plausible explanation of the physics at the scale M , where the information about the spontaneous breaking is communicated to the light fermions, was suggested by Froggatt and Nielsen [8] and was further studied in references [9] and [10] : M is the mass scale for heavy mirror quarks. The scalars responsible for the breaking couple the heavy sector to the light one. This mechanism, its phenomenological consequences and constraints on the scale M are studied in section 5. The existence of extra supermultiplets affects the running of the various gauge couplings. In section 6 we investigate the constraints that follow if we assume that there is no further new physics between M and the Planck scale M P and require the absence of Landau poles. This analysis allows us to address the important question of whether flavor physics may be directly observed in future experiments.
in reference [6] .
Our full framework requires that there are several new scales of physics between the SUSY breaking scale and the Planck scale. In section 7 we study the H-invariant Higgs potential and suggest a mechanism that can naturally generate the required hierarchy.
Furthermore, this mechanism automatically solves the "µ-problem." A discussion of our results is given in section 8.
Our discussion proceeds from low energies to high energies. At every step describing the physics at higher energies we add more assumptions which lead to more constraints.
It is possible that our ideas about some energy scale will turn out to be correct while the speculations about higher energies will turn out to be wrong.
Models of Explicitly Broken Horizontal Symmetry

The Master Model
The simplest framework to explain the order of magnitude relations (1.2) and (1.3)
is that of a horizontal symmetry H = U (1) H , with a small breaking parameter λ ∼ 0.2.
Terms that break H by n(> 0) units of charge are suppressed by λ n . In the full Lagrangian, we require that H is a discrete subgroup, Z N ⊂ U (1). Then terms that break H by n > N units of charge are suppressed only by λ l for l = n mod N . In most of the cases that we are interested in, N is large enough and this does not happen. Therefore, for convenience, we will treat H as a continuous U (1) symmetry. In the few cases where the discreteness of the symmetry does play an important role, we explicitly point out its effects.
We will usually restrict ourselves to supersymmetric theories (with supersymmetry broken by soft terms). Then terms in the fermion mass matrices that break the horizontal symmetry by n < 0 units of charge vanish. This is due to our assumption that λ is a (single) coefficient of an operator which explicitly breaks H and the fact that the effective superpotential is holomorphic in the coupling constants of the theory (no powers of λ † ).
This is a special case of the non-renormalization theorem of reference [11] . If more than one small λ which break the same symmetry exist, say one with negative charge and another with positive charge, then such terms need not vanish. The consequences of this fact will be discussed below. The Yukawa interactions are then given by
The interaction (2.1) has an accidental U (1) symmetry, which we call U (1) X . Under this symmetry φ d carries charge −1, thed i fields carry charge +1, while all other fields carry vanishing X charges. The U (1) X symmetry must be explicitly broken in other sectors of the Lagrangian, since otherwise its spontaneous breaking at the weak scale implies the existence of an unwanted axion. Despite being broken, U (1) X turns out to be extremely useful. First, using U (1) X , hypercharge and baryon number symmetries, we can set the horizontal charges of φ u , φ d and Q 3 to zero. As long as we restrict our discussion to U (1) X invariant terms in the Lagrangian, such a horizontal charge redefinition is justified and simplifies the analysis considerably. Second, the existence of U (1) X in the Yukawa sector implies that QCD anomalies pose no problem to our horizontal symmetries. It is always possible to find a horizontal symmetryH ⊂ H × U (1) X that restricts the quark mass matrices in precisely the same way as does H but is free of QCD anomaly. We discuss this point in detail in subsection 4.3.
The order of magnitude of the Yukawa couplings is determined by their horizontal quantum numbers. Assuming positive (or vanishing) horizontal charges to all quark fields one finds [8] :
The mixing angles and mass ratios can then be estimated:
(Both (2.3) and (2.4) are given here for i < j.)
The order of magnitude estimates (1.2) and (1.3) then determine a unique set of H-charges for all quark fields (when we take
With these charges the mass matrices have the order of magnitude entries
It is straightforward to check that these mass matrices indeed lead to mixing angles and mass ratios as given in (1.2) and (1.3). We also note that the determinants of the mass matrices are
The powers of λ in these determinants will be of importance in the discussion of the embedding of the model in a high energy theory.
How predictive is this framework? We have made eight discrete choices of charges and explained the order of magnitude of nine physical (continuous) parameters (m t / φ u ∼ 1, m b /m t ∼ λ 2 , the four mass ratios of eq. (2.4), and the three mixing angles of equation (2.3) ). This means that the model predicts a single order of magnitude relation. Indeed, we find
independent of the choice of charges. The Particle Data Group quotes [12] |V ub /V cb | = 0.10 ± 0.03, |V us | = 0.22, (2.9) consistent with (2.8). Recently, however, the CLEO collaboration announced a new measurement [13] :
We remind the reader that there is a strong theoretical model dependence in the extraction of |V ub /V cb | from the experimental data. However, if it eventually turns out that 2 It is trivial to modify the charges for the other possibilities.
|V ub /V cb | ∼ λ 2 , it will pose a problem to the naive master model presented here. In subsection 3.1 we show how the relation (2.8) can be avoided in a more sophisticated model within our framework.
We take H to commute with Supersymmetry. The alternative, that H is an R symmetry will be briefly discussed below. Then the charges (2.5) are common to complete supermultiplets. This determines the form of the squark mass-squared matrices as well.
We denote these byM d2 andM u2 , and divide each to 3 × 3 sub-matrices:
The sub-index L (R) refers to the scalar partners of the quark doublets Q i (singletsd i or u i ). The leading contributions to the diagonal blocks arise from A-type SUSY breaking terms, while the leading contributions to the off diagonal blocks arise from soft SUSY breaking terms analytical in the fields. This leads to two important differences between the diagonal and the off-diagonal blocks: (i) Entries in the diagonal blocks that break H by n units of charge are suppressed by λ |n| , whether n is negative or positive. In the off-diagonal blocks such entries are suppressed by λ n for n > 0, but vanish when n < 0.
(ii) The entries in the diagonal blocks are proportional tom 2 (m is the scale of SUSY breaking) while those in the off-diagonal blocks are proportional tom φ q . Ifm ≫ φ q , the off diagonal blocks are negligible to all our purposes.
The charge assignments (2.5) givẽ
We remind the reader that all entries are order of magnitude estimates and not exact RR are unchanged. The off-diagonal blocks are different and, unlike eq. (2.14), their suppression by powers of λ is not the same as for the corresponding elements in the quark mass matrices. Then their effects on FCNC can be significant (even though they are suppressed by φ /m). Thus, our discussion of quark -squark alignment in subsection 2.3 does not apply in general to horizontal R symmetries.
Models with
Models with a more complicated symmetry structure than a simple U (1) offer new possibilities in constructing mass matrices. All the important features of such symmetries are already present in the simplest extension, 15) with two small breaking parameters: 
We note the following points:
(i) The choice of (H 1 , H 2 ) is, in general, not unique. Thus, unlike the master model, for each horizontal symmetry of the type (2.15), there are several models (namely, sets of charge assignments for the quark fields) that produce the same hierarchy in mixing angles and mass ratios.
(ii) Consider the determinants of the mass matrices. For example, 18) to be compared with the master model
Since q > 1, it is trivial to show that the sum of powers of the ǫ i 's in the new model is smaller than the power of λ in the master model. When we later study the underlying theory, we will find that the lower the power of ǫ, the weaker is the lower bound on the horizontal physics scale. 
The mass matrices have the order of magnitude entries
We see that each entry in the mass matrix is either of the same order of magnitude as in the master model, or zero. When we take into account the fact that H is discrete and not continuous, we find that the vanishing entries are modified but still very suppressed relative to their values in the master model. It is again straightforward to check that these mass matrices lead to mixing angles and mass ratios as given in (1.2) and (1.3).
The order of magnitude estimates of the squark mass-squared matrices in this model
Quark Squark Alignment
For generic squark masses, box diagrams with squarks and gluinos give unacceptably large contributions to neutral meson (K, B and D) mixing [14] . The standard solution to this problem is to assume that squarks are degenerate to a very good approximation. This is not motivated in generic supergravity models or string theory, though it may hold under special conditions [15] . Both squark degeneracy and proportionality of trilinear Higgs-squark couplings to Yukawa couplings can be natural if supersymmetry breaking is communicated to the light particles by gauge interactions [16] , or in models with a non-Abelian horizontal symmetry [17] [6].
In reference [7] an alternative mechanism to suppress squark contributions to FCNC was suggested: the approximate alignment of quark mass matrices with squark masssquared matrices. The idea is that a horizontal symmetry, of the type discussed in this work, forces both M q andM q2 to be approximately diagonal in the basis where the horizontal charges are well defined. Consequently, the mixing matrix for quark -squarkgluino couplings is close to a unit matrix and FCNC are suppressed, regardless of whether squarks are degenerate or not.
To make the discussion concrete, we define the diagonalizing matrices for quarks, 27) and similarly for up squarks. Here we assumem ≫ φ u,d . Then, the CKM matrix is
L , while the mixing matrices for gluino interactions are
(2.28)
Various FCNC processes, and in particular the mixing of neutral mesons, put upper bounds on elements of the
The bounds are particularly strong on
(2.29)
For mg =m = 1 T eV , the bounds are:
A few points are in order regarding these constraints:
(i) There are also bounds on the mixing matrices
L . However, these bounds are easily satisfied in our framework [7] and we do not present them here.
(ii) The bound on ǫ K is valid only when we assume that all CP violating phases are arbitrary and of order one.
(iii) We emphasize that there is an ambiguity of a factor of a few in these bounds, coming from the exact value of them scale; from possible differences between the gluino mass mg and the average squark massm; and from hadronic uncertainties in matrix elements of quark operators.
Generically, the horizontal symmetries employed in our various models give
(2.32)
This means that the main problem is the suppression of the squark contributions to ∆m K and ǫ K ; the contributions to ∆m D and ∆m B are generically suppressed to just an acceptable level. We now describe a class of models that we call "Quark-Squark-Alignment"
(QSA) models, in which squark contributions to ∆M K and to ǫ K are highly suppressed and (2.30) is satisfied.
We again focus on models with tan β ∼ 1 and m b /m t ∼ λ 2 , but models with satisfactory quark-squark alignment exist also for tan is not zero but only highly suppressed compared to its value in (2.6). It is impossible to get vanishing (or suppressed) entries in models with H = U (1). We therefore scanned models with H = U (1) × U (1). Some models with ǫ 1 = λ 2 and ǫ 2 = λ 3
give satisfactory quark-squark alignment (such a model was presented in ref. [7] ), but run into other phenomenological problems. Specifically, |V td | is highly suppressed, leading to an unacceptably small B −B mixing. On the other hand, we found many acceptable models with ǫ 1 = λ and ǫ 2 = λ 2 that lead to satisfactory suppression of the squark contributions to ∆m K and ǫ K . The down quarks mass matrix in these models is always of the form
which leads to the following order of magnitude estimates:
Let us present one explicit example, which has also interesting implications for CP asymmetries in B decays:
For the down squark masses, we find in this model
which, together with eq. (2.34), leads to Let us now see how the constraint on ∆m D in eq. (2.31) is satisfied in this model.
For that, we have to assign horizontal charges to theū i fields. Take as an examplē 
where we used vacuum-insertion approximation for the various matrix elements and a scalẽ m ∼ 1 T eV . From equations (2.33), (2.36), (2.37) and (2.38) we find The potentially large effect on CP asymmetries in B 0 decays is not a generic feature of quark -squark alignment models. Actually, it is possible to show that, while (K A measurement of the asymmetries may then distinguish among our various models.
A similar investigation can be made for CP asymmetries in B s decays:
For models of quark -squark alignment
The shift from the Standard Model predictions for CP asymmetries in B s decays is then of O(0.01). This is probably too small to be experimentally observed. It also leads to the interesting situation [18] that the angles α, β and γ as deduced from the CP asymmetries 
Higher Order Terms
So far, we have considered only the dimension three mass terms that arise when we assume a low energy effective model with an explicitly broken horizontal symmetry, such that terms that break the symmetry by n ≥ 0 (n < 0) units of charge are suppressed by λ n (are forbidden). With the same minimal set of assumptions, the effective Lagrangian at low energies would contain also higher order terms that obey similar selection rules.
These terms may have important effects. In particular, they may induce FCNC and affect quark -squark alignment. We now discuss these effects.
First, we consider constraints on four quark operators from FCNC. Take, for example, a ∆s = 2 four quark operator O K . It would appear in the effective Lagrangian in the generic form
where F K is a dimensionless coefficient that includes all suppression factors, such as powers of λ n or powers of 1/(4π) ℓ if it first appears at the ℓ-loop level in the full theory, and M is the scale below which the effective Lagrangian description holds. Let us further define
We similarly define the coefficients and matrix elements for ∆c = 2 and ∆b = 2 operators. Then the requirement that four quark operators do not contribute more than the experimental values of (or bounds on) neutral meson mixing yields
(2.49)
Since our framework incorporates Abelian horizontal symmetry, there is no symmetry reason to forbid four quark operators of e.g. the form ( 
However, only O 3K and O 4K could avoid horizontal suppression. This would happen if Next we discuss bounds on the scale M that arise from terms involving higher powers of the scalar fields: When the bounds from four quark operators are taken into account, we see that the effects of the U (1) X breaking terms on our mass matrices, on FCNC and on quark -squark alignment are always unimportant.
Beyond the Naive Relations
As mentioned above, it may turn out that |V ub /V cb | is not of the same order of magnitude as |V us |, namely that the naive model-independent prediction of our framework fails.
We now show that, under special circumstances this naive prediction can be modified while all other order of magnitude relations are maintained. We will present a model where
We will see that to produce (3.1), we need a specific discrete symmetry.
To suppress |V ub | below λ 3 , certain entries in the mass matrices have to be suppressed relative to their naive values. Let us first consider the (unrealistic) case of a continuous horizontal symmetry, for which each entry in the mass matrix can either get its naive value or vanish. Using appendix A we find that the mass matrices have to take the following form
Some additional entries may vanish, but not all of them. In particular, to produce |V us | ∼ λ, we need M d 12 ∼ λ. As long as the effects of the discrete symmetry are negligible, the mass matrices (3.2) give |V ub | ∼ λ 5 . If additional entries are zero, the value of |V ub | may be even further suppressed, but it will always be an odd power of λ. To obtain (3.1), the effects of the discrete symmetry have to play a role. In particular, it must allow at least one of the following four options:
It is impossible to produce the required structure within a model with a single U (1).
Considering models with H = U (1) × U (1), we find that the required structure cannot be produced in models with ǫ 1 ∼ λ 2 and ǫ 2 ∼ λ 3 , but it can in models of with ǫ 1 ∼ λ and
There is a very large number of models with this pattern of symmetry breaking that produce (1.2) and (1.3). The charges of all fields except Q 3 andū 3 have more than one option. For example, the charge ofd 3 could be either (2, 0) or (0, 1). Quite a few of these models give mass matrices of the form (3.2). We choose to present one example, to demonstrate that the desired suppression of |V ub | is possible.
The model that we choose as an example has the following set of charges: We would like to introduce a discrete subgroup of the above symmetry such that
As mentioned above, one of the ways to do it is to lift the zero in M 
It is easy to check that these mass matrices produce the order of magnitude relations (1.3) and (3.1).
Exact Relations between Quark Parameters
The fact that an Abelian horizontal symmetry could produce zeros (or highly suppressed terms) in the quark mass matrices, opens up the interesting possibility of (close to) exact relations 4 between various, otherwise independent, parameters of the quark sector.
The model in the previous subsection is an example. In general, |V td |, |V us | and |V cb | are independent parameters. Unitarity of the CKM matrix requires (see (1.1))
In the previous subsection we presented models where |V ub | ∼ λ|V us V cb |. Then, the following relation arises:
This relation is, of course, consistent with present constraints. (This is a rather trivial statement because the best upper bound on |V td | at present comes from CKM unitarity.)
It is actually the only phenomenologically acceptable relation that involves only mixing parameters.
We searched for close-to-exact relations that involve both mass ratios and mixing angles. Our basic assumption is that each entry has either its "naive" value as in eq. Only a single exact relation could arise in our framework of supersymmetric Abelian horizontal symmetry. It requires six entries in the quark mass matrices to vanish:
It is possible to exchange the second and third columns of M d without changing the results.
Note also that elements of the first columns do not affect the relation, so some of the entries there might vanish as well.
The exact relation that follows (to order λ 2 ) from (3.7) is
Using the values of mixing angles from [12] and mass ratios from [20] , we have so that the present accuracy in determining the various parameters does not allow a test of the idea that an Abelian horizontal symmetry might lead to exact relations.
Spontaneously Broken H
Extending the Scalar Sector
The low energy models described in the previous section can arise naturally if H is an exact symmetry of the Lagrangian, and is broken by the VEV of a scalar that is a singlet of the Standard Model gauge group and carries one unit of horizontal charge [8] . For example, the master model requires the existence of a single complex scalar field S(−1),
(M is the scale at which the information about the spontaneous symmetry breaking is communicated to the light fermions.) The selection rule becomes obvious now. For
the exact horizontal symmetry allows only Yukawa terms of the form
(where the dimensionless Yukawa couplings Γ q ij = O(1)). Supersymmetry requires that the Yukawa terms are analytic in S. Consequently, S † cannot take part in the Yukawa sector and terms with l < 0 or k < 0 are forbidden (except for very highly suppressed non-supersymmetric contributions).
Models with H = U (1) H 1 × U (1) H 2 need the introduction of two Standard Model singlet scalars, S 1 and S 2 , with horizontal charges
and vacuum expectation values
where (p, q) = (2, 3) in the models of subsection 2.2 or (p, q) = (1, 2) in the quarksquark alignment models of subsection 2.3. We always assume that two separate scales of VEVs should break two different symmetries, namely that all VEVs that break the same symmetry should be at a single scale. Equations (4.4) and (4.5) are consistent with this assumption, as each VEV breaks a different U (1) factor in H.
Bounds from FCNC
The S i scalars couple non-diagonally to quarks. Consequently, they mediate FCNC (i) In the master model (see (2.6)),
Then the strongest bounds come from the K system,
. Then the only bound on S i which is above the electroweak scale comes from ǫ K , 
QCD Anomalies and the Breaking of U (1) X
Now, that we have extended our framework to exact horizontal symmetries that are only spontaneously broken, we should discuss in more detail the subject of QCD anomalies 5 . As mentioned in section 2, QCD anomalies pose no problem because of the U (1) X symmetry of the Yukawa sector. Furthermore, we mentioned that U (1) X must be broken in some sector in the Lagrangian or else an axion will be generated. We now discuss this in more detail.
We first discuss the case where H ⊂ U (1) with the simplified charges one gets by 
The true horizontal symmetry is a Z n ⊂ U (1)H ⊂ U (1) H × U (1) X and it must not have QCD anomaly,
WithH charges given byH = aH + bX, (4.11) it is easy to see thatH and H constrain the quark mass matrices in precisely the same way. However, now
We can always find appropriate values for a and b so that (4.10) is satisfied.
Having shown that U (1) X can always be used to avoid QCD anomalies, we now discuss its breaking. We will assume that U (1) X is broken by terms of the form
The U (1) H × U (1) X assignments of the scalar fields are φ d (0, −1), φ u (0, 0) and S(−1, 0).
The interaction (4.13) should conserve only Z n ⊂ U (1)H. We therefore requirẽ
Clearly, there are always solutions (p, q) to the requirement (4.14) (take, for example q = A H (mod n) and p = 3).
To summarize, QCD anomalies do not pose a problem in our framework: even if
X which is free of QCD anomaly and should be considered as "the true horizontal symmetry." Note that the anomaly constraint restricts the U (1) X breaking terms, as these should be Z n invariant.
The extension of this mechanism to models where H ⊂ U (1)×U (1) is straightforward.
The horizontal symmetry is an anomaly free Z m × Z n and the U (1) X symmetry is broken We add a term and the scalar fields as
The resulting mass matrices are those of equations (3.4) . It is straightforward to verify that the discrete symmetries are free of QCD anomalies.
Note that in this model we could not choose an arbitrary discrete symmetry -the horizontal symmetry must be Z 7 × Z 3 to give the desired value for |V ub |. However, we used the freedom in choosing the horizontal charges ofd 1 andū 1 and the choice of p, q, r in equation (4.16) , to find solutions to the anomaly equations.
Physics at the Scale M
Extending the Quark Sector
In previous sections we have described the scale M as the scale at which the information about the breaking of the horizontal symmetry H is communicated to the light quarks, but we have not given any explicit mechanism that would do that. In this section
we make yet another layer of assumptions: we use the mechanism suggested by Froggatt and Nielsen (FN) [8] .
The FN mechanism assumes that there are additional quarks that transform nontrivially under H. These extra quarks come in mirror representations, namely they may appear in any of the following representations of Obviously, the new quarks can acquire heavy masses at a scale M that is much higher than the electroweak breaking scale.
At the scale M we consider the most general H-invariant renormalizable Yukawa terms. As an example, we show how M u of equation (2.22),
can be produced in the full theory [10] . We add to the light quarks listed in eq. (2.21) three SU (2)-singlet charge +2/3 mirror quarks,
andŪ i with opposite charges. Then the 6 × 6 matrix M u full with columns corresponding to (ū i ,Ū i ) and rows to (Q i , U i ) has order of magnitude entries
When the heavy quarks at the scale M are integrated out, the resulting M u light for the three observed generations of up quarks is M u of (5.2).
We had to add three U +Ū fields. This could have been foreseen by the following "determinant argument": The determinant of the light fermions mass matrix is
which now means
However, an examination of the structure of M i , then the minimal number of massive q-quarks required is i m i . Thus, for example, as for the same model (see (2.22 
, at least six massive D +D (or P +P ) are required. An explicit realization is given in ref. [10] . As another example, in the master model det
12 , so at least twelve D +D are required, and det M u light ∼ φ u λ 9 , so at least nine U +Ū are required. The number of massive quarks will be important in our discussion of Landau poles in subsection 6.1.
Bounds on M from FCNC
With a full theory for physics at the scale M , we can check whether the four quark operators discussed in subsection 2.4 indeed arise and calculate the F coefficients. We find that, if baryon number is conserved, the massive colored supermultiplets cannot contribute to neutral meson mixing in tree diagrams. Instead, the leading contributions come from box diagrams with intermediate heavy D or U quarks and S i and φ q scalars. An explicit calculation gives that the F coefficients are suppressed by a factor ∼ 1/4π compared to the estimates in subsection 2.4.
The following bounds then hold on the scale M of extra heavy quarks:
(i) Cabibbo mixing shows that the weakest bound that applies to all models (coming
(ii) In models where (V d L ) 12 ∼ λ, a stronger bound (coming from ∆m K ) holds,
(5.9) (iv) In models where
, a bound from ∆m K stronger than 6. Physics Above M
Landau Poles
The explanation of the physics responsible for the hierarchy in the quark sector parameters is now complete. It involves two scales (beyond the electroweak breaking scale):
the scale of spontaneous H-breaking, S (this might happen in several scales), and the higher scale at which the information is communicated to the observed quarks, M . Physics above the scale M has no direct bearing on the quark parameters. It may, however, further constrain the scale M .
These constraints on the scale M are a result of the running of the coupling constants:
we do not allow Landau poles below the Planck scale M P . Landau poles may arise when we add massive supermultiplets that transform non-trivially under
In our full framework, as described in sections 2-5, we have, in addition to the representations of the minimal supersymmetric Standard Model, the extra heavy quarks required for the FN mechanism. To calculate the running of the coupling constants up to the Planck scale, we need to know also the particle representations and the gauge structure between M and M P . If we adopt the most conservative approach, namely that the gauge In our framework, the one loop running of the three gauge couplings (neglecting threshold effects) is given by
where 2) with N P the number of mirror quark doublets, N U the number of mirror up-quark singlets, N D the number of mirror down-quark singlets, N L the number of mirror lepton doublets
and N E the number of charged lepton singlets. For the gauge couplings at the scale m Z , we take
The requirement that there is no Landau pole below M P gives the following bounds: The reason that we have studied the various constraints on the scales so carefully is that we consider the following question as highly important: Could the flavor physics, responsible for the hierarchy in the quark sector parameters, be directly observable? Without going into a detailed discussion of the possible signatures, let us just estimate for now that, in order that the New Physics is observed, at least the lowest of the new scales (typically the scale below which the horizontal symmetry is completely broken) should be at the few TeV region. Explicitly, we ask whether we could have S 2 < ∼ 2 T eV ( S < ∼ 2 T eV for a single Z n ). As S 2 /M > ∼ λ 3 in our various models, we should check whether M < ∼ 250 T eV is allowed.
Examining the three Tables above we see that But for now, let us adopt our full framework, namely spontaneously broken H at a scale S i , mirror quarks at M , and neither new particles nor new gauge structure above M and up to M P . Then, to allow low energy flavor physics, we have to give up some of the ingredients in our models that necessitated the large number of massive supermultiplets. First, we should better work with H = Z m × Z n symmetry and ǫ 1 ∼ λ 2 , ǫ 2 ∼ λ 3 breaking parameters. This, as explained in subsection 5.1, allows lower powers of ǫ i in the determinant and hence fewer massive quarks. However, in addition we have to modify our estimates of two parameters:
What we mean here is not that the bare mass of the up quark is highly suppressed but finite -that would require many more massive U s. We need a bare mass that is exactly zero (up to non-perturbative QCD effects that would generate its value as determined from meson masses). Then, the FN mechanism should account for m c ≪ m t only, which can be done with a single massive U or P .
(ii) tan β ∼ m t /m b .
For a large tan β, the FN mechanism is not responsible for m b /m t . To account for m d ≪ m s ≪ m b , only three massive Ds or P s are needed. (For recent discussions of how to naturally produce tan β ≫ 1, see [21] .)
Let us give an explicit example [10] . Take the model presented in subsection 2.2 and modify it to the case m u = 0, tan β ∼ m t /m b . This can be done, for example, by modifying the charges in (2.21) to
Note that M u has a zero eigenvalue. Then 6) imply that a full theory could be constructed with a single U and three Ds. We choose to construct the massive sector with one doublet P and three Ds:
The 4 × 4 matrix M u full with the fourth row (column) corresponding to P (P ) is 
Small Hierarchy From Large Hierarchy
Let us assume that the horizontal symmetry is
in the superpotential W , then all the following terms will also appear in W :
where A m are dimensionless coefficients of order one. This contributes to the Higgs po-
In addition there are SUSY D-terms,
soft SUSY breaking terms analytic in the fields,
and A-terms,
and C i are all dimensionless coefficients of order one, andm is the SUSY breaking scale.
The extremum equations,
have a solution of the form:
It is easy to check that, even though the potential for the various scalars is very flat, all scalars acquire masses larger than or of orderm. There might, however, be cosmological problems with such scalars whose couplings are very weak.
This solution has some attractive features:
(i) The so-called µ-problem in SUSY is solved. The horizontal symmetry forbids a term φ u φ d in the superpotential. Equation (7.9) implies that the electroweak breaking scale is naturally at the SUSY breaking scale.
(ii) Out of the large hierarchy between the SUSY breaking scalem and the Planck scale M P , we can naturally produce a smaller hierarchy of scales S i , as can be seen from (7.8).
As an example, consider the models of reference [10] , described in subsection 2.2.
There we need hierarchy of scales:
Let us assume that the scale M is the spontaneous breaking scale of some additional discrete symmetry by a vacuum expectation value of a scalar field S 3 . Then, if the full discrete symmetry is Z 7 × Z 6 × Z 10 , we get from (7.8)
∼ 10 15 GeV,
∼ 10 17 GeV,
consistent with (7.10).
Note that if the relevant large scale is indeed M P , as we assumed in this subsection, it is very difficult to produce a low energy horizontal symmetry. With n = 3 we get S =m, but for n ≥ 4 we get S ≥ √m M P ∼ 10 8 T eV .
It could in principle be that the scale in the denominator of the non-renormalizable terms of the Higgs potential is lower than M P . It could even be that there is a ladder of scales, one for each broken symmetry. This would of course enable one to produce a hierarchy of relatively low scales.
Conclusions
Abelian horizontal symmetries could explain in a simple and natural way the smallness of the quark sector parameters and the hierarchy among them. The master model, presented in subsection 2.1, demonstrates that a simple Abelian group, with a single notso-small breaking parameter, and "reasonable" horizontal charges, could account for the fact that the hierarchy in the quark sector parameters spans five orders of magnitude.
It would be much more difficult, however, to have convincing evidence that such a symmetry is indeed responsible for the hierarchy. As far as the quark mass ratios and mixing angles are concerned, the symmetry explains eight order of magnitude relations but predicts only one. The fact that this single prediction is indeed consistent with present measurements is encouraging but can hardly be taken as evidence for the horizontal symmetry idea.
The simplest way in which the existence of a horizontal symmetry could be revealed is by direct observation of new particles related to flavor physics. Though not absolutely necessary, we find that it is likely that the mechanism that produces the hierarchy in the quark parameters requires the existence of extra scalars with flavor changing couplings and massive mirror quarks. A crucial question is then whether these new particles could have masses at scales accessible to experiment 6 , say a few T eV . We find that this is not a very likely possibility but not impossible. If we are fortunate to have flavor physics at low energies, it probably means that the bare mass of the up quark vanishes (thus providing a solution to the strong CP problem) and that tan β is large.
Whatever scale we associate with the New Physics, it may have many other interesting consequences:
(i) A horizontal symmetry could align quark mass matrices with squark mass-squared matrices in a precise enough way to suppress SUSY contributions to neutral meson mixing. If squarks are found, and if they are non-degenerate, a horizontal symmetry is almost unavoidable. Another crucial test to the quark -squark alignment mechanism is that D −D mixing should be close to the present experimental upper bound.
(ii) An Abelian horizontal symmetry could lead to an exact relation between the param-
A horizontal discrete symmetry has a natural mechanism to generate the hierarchy among scales of spontaneous symmetry breaking. It can solve in a simple way the µ-problem of supersymmetry and provide a natural explanation to the fact that the electroweak breaking scale is close to the SUSY breaking scale.
While none of these possibilities is a necessary consequence of a horizontal symmetry, they may provide support to the idea that the hierarchy in the quark sector parameters is a result of such a symmetry.
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Appendix A. Diagonalizing the Quark Mass Matrices
We would like to estimate the elements of the diagonalizing matrices V q M (M = L or R, q = u or d) of the mass matrices as defined in (2.26). We follow the formalism of reference [22] with some modifications which are appropriate for our case. We present the Turning to the down sector, we define where r q ij = O(ǫ 1 , ǫ 2 ). In order to find the true mass matrices, the fields q i should be redefined: The matrix elements of V q are of the same order of magnitude as those of R q . To show that, we should make sure that no element of a power of r q is larger than that of r q . This fact follows from
(B.10)
We conclude that In the aligned model we needed much better accuracy. The zeros were not allowed to be lifted to a high power of λ. Fortunately, no more work is needed in these cases. The matrices R q are of the same order as the squark mass matrices 1 m 2M
2 , and the matrices V q are of the order of the matrices which diagonalize the squark mass matrices,Ṽ q . Therefore, the true V q L and V q R which diagonalize the quark mass matrices are of the same order as the K matrices of equation (2.28 ) and the discussion in subsection 2.3 is not modified.
Clearly, when the U (1) symmetries are replaced by discrete symmetries which lift the zeros a more careful analysis is needed.
Finally, we mention that if the high energy theory is of the FN type, then further suppression of the deviation of R q from a unit matrix may occur. Detailed examination of the tree diagrams that lead to renormalization of the kinetic terms reveals that it is proportional to at least one power of ǫ i (it could be either ǫ 1 or ǫ 2 ) and at least one power of ǫ † j (which, again, could be either ǫ † 1 or ǫ †
2 ). This suppression may go well beyond the naive horizontal suppression that we assumed in this appendix, making the effects of renormalization of kinetic terms entirely negligible.
